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ﻣﺴﺎﺑﻘﻪ ﺗﻴﻤﻲ )ﺳﻄﺢ ﭘﻴﺸﺮﻓﺘﻪ (۲
ﺍﺳﻔﻨﺪ ۱۳۸۶

)ﻟﻄﻔﺎ ﭘﻴﺶ ﺍﺯ ﺷﺮﻭﻉ ،ﺻﻔﺤﻪ ﺍﻭﻝ ﭘﺎﺳﺦﻧﺎﻣﻪ ﺭﺍ ﺑﺎ ﺩﻗﺖ ﻣﻄﺎﻟﻌﻪ ﮐﻨﻴﺪ(
 (۱ﻳﮏ ﻣﺜﻠﺚ ﮐﺎﻏﺬﻱ ﮐﻪ ﺩﺍﺭﺍﻱ ﺯﺍﻭﻳﻪﺍﻱ ﺑﺮﺍﺑﺮ  αﺍﺳﺖ ﺑﻪ ﭼﻨﺪﻳﻦ ﻣﺜﻠﺚ ﺑﺮﻳﺪﻩ ﻣﻲﺷﻮﺩ .ﺁﻳﺎ ﻣﻤﮑﻦ ﺍﺳﺖ ﮐﻪ ﻫﻤﻪ ﺯﺍﻭﻳﻪﻫﺎﻱ ﺗﻤﺎﻡ
ﻣﺜﻠﺚﻫﺎﻱ ﺑﻪ ﺩﺳﺖ ﺁﻣﺪﻩ ﮐﻮﭼﮏﺗﺮ ﺍﺯ  αﺑﺎﺷﻨﺪ ﺍﮔﺮ
ﺍﻟﻒ(  ۳] α = 70ﺍﻣﺘﻴﺎﺯ[
ﺏ(  ۳] α = 80ﺍﻣﺘﻴﺎﺯ[
 (۲ﻳﮏ ﻣﻠﺦ ﻧﻘﻄﻪﻣﺎﻧﻨﺪ ﺩﺭ ﻧﻘﻄﻪ  Pﺍﺯ ﻣﺤﻮﺭ ﺍﻋﺪﺍﺩ ﺣﻘﻴﻘﻲ ﻧﺸﺴﺘﻪ ﺍﺳﺖ .ﻧﻘﺎﻁ ﺻﻔﺮ ﻭ ﻳﮏ ﺗﻠﻪ ﻫﺴﺘﻨﺪ .ﺩﺭ ﻫﺮ ﺣﺮﮐﺖ ،ﻣﺎ ﻳﮏ ﻋﺪﺩ ﻣﺜﺒﺖ
ﺍﻧﺘﺨﺎﺏ ﻣﻲﮐﻨﻴﻢ ،ﻭ ﺳﭙﺲ ﻣﻠﺦ ﺑﻪ ﺳﻤﺖ ﭼﭗ ﻳﺎ ﺭﺍﺳﺖ )ﺑﺴﺘﻪ ﺑﻪ ﺍﻧﺘﺨﺎﺏ ﺧﻮﺩﺵ( ﺑﻪ ﺍﻧﺪﺍﺯﻩ ﻓﺎﺻﻠﻪﺍﻱ ﺑﺮﺍﺑﺮ ﺍﻳﻦ ﻋﺪﺩ ﻣﻲﭘﺮﺩ .ﺩﺭ ﻫﺮ
ﻟﺤﻈﻪ ،ﻣﻲﺑﻴﻨﻴﻢ ﻣﻠﺦ ﺩﺭ ﮐﺠﺎ ﻗﺮﺍﺭ ﺩﺍﺭﺩ .ﺑﺮﺍﻱ ﭼﻪ ﻧﻘﺎﻃﻲ ﺑﻪ ﻋﻨﻮﺍﻥ  ،Pﻣﻲﺗﻮﺍﻧﻴﻢ ﺍﻋﺪﺍﺩ ﺭﺍ ﺑﻪ ﮔﻮﻧﻪﺍﻱ ﺍﻧﺘﺨﺎﺏ ﮐﻨﻴﻢ ﮐﻪ ﻣﻠﺦ ،ﻣﺴﺘﻘﻞ ﺍﺯ
ﺟﻬﺖﻫﺎﻳﻲ ﮐﻪ ﺑﺮﺍﻱ ﭘﺮﺵ ﺍﻧﺘﺨﺎﺏ ﻣﻲﮐﻨﺪ ،ﺩﺭ ﺗﻠﻪ ﺑﻴﻔﺘﺪ؟ ] ۶ﺍﻣﺘﻴﺎﺯ[
 (۳ﻳﮏ ﭼﻨﺪﺟﻤﻠﻪﺍﻱ ﺍﺯ ﺩﺭﺟﻪ  n > 1ﺩﺍﺭﺍﻱ  nﺭﻳﺸﻪ ﻣﺘﻤﺎﻳﺰ  x1, x 2, …, xnﺍﺳﺖ .ﻣﺸﺘﻖ ﺁﻥ ﺩﺍﺭﺍﻱ ﺭﻳﺸﻪﻫﺎﻱ y1, y2, …, yn −1

ﺍﺳﺖ .ﻧﺎﻣﺴﺎﻭﻱ ﺭﻭﺑﻪﺭﻭ ﺭﺍ ﺛﺎﺑﺖ ﮐﻨﻴﺪ.

x12 + … + xn2
y 2 + … + yn2 −1
> 1
n
n −1

] ۶ﺍﻣﺘﻴﺎﺯ[

 (۴ﭘﺪﺭﺍﻡ ﻭ ﺑﻬﻤﻦ ،ﻫﺮ ﮐﺪﺍﻡ ﭼﻬﺎﺭﺿﻠﻌﻲ ﻣﺤﺪﺏ ﻣﻲﮐﺸﻨﺪ ﮐﻪ ﻫﻴﭻ ﺩﻭ ﺿﻠﻌﺶ ﻣﻮﺍﺯﻱ ﻧﻴﺴﺖ .ﺳﭙﺲ ﻫﺮ ﻳﮏ ﺍﺯ ﭘﺴﺮﻫﺎ ﻗﻄﺮﻱ ﺩﺭ
ﭼﻬﺎﺭﺿﻠﻌﻲ ﺧﻮﺩ ﮐﺸﻴﺪﻩ ﻭ ﺯﺍﻭﻳﻪﻫﺎﻱ ﺑﻴﻦ ﺍﻳﻦ ﻗﻄﺮ ﻭ ﺍﺿﻼﻉ ﭼﻬﺎﺭﺿﻠﻌﻲ ﺭﺍ ﻣﺤﺎﺳﺒﻪ ﻣﻲﮐﻨﺪ .ﭘﺪﺭﺍﻡ ﺍﻋﺪﺍﺩ  β ، α ، αﻭ  γﺭﺍ )ﺑﺎ
ﺗﺮﺗﻴﺐ ﺧﺎﺻﻲ( ﺑﻪ ﺩﺳﺖ ﻣﻲﺁﻭﺭﺩ ﻭ ﺑﻬﻤﻦ ﻧﻴﺰ ﻫﻤﻴﻦ ﺍﻋﺪﺍﺩ ﺭﺍ )ﺍﺣﺘﻤﺎﻻ ﺑﺎ ﺗﺮﺗﻴﺒﻲ ﻣﺘﻔﺎﻭﺕ( ﺑﻪ ﺩﺳﺖ ﻣﻲﺁﻭﺭﺩ .ﺛﺎﺑﺖ ﮐﻨﻴﺪ ﮐﻪ ﺯﺍﻭﻳﻪﻫﺎﻱ
ﺑﻴﻦ ﻗﻄﺮﻫﺎﻱ ﭼﻬﺎﺭﺿﻠﻌﻲ ﭘﺪﺭﺍﻡ ﺑﺮﺍﺑﺮ ﺯﺍﻭﻳﻪﻫﺎﻱ ﺑﻴﻦ ﻗﻄﺮﻫﺎﻱ ﭼﻬﺎﺭﺿﻠﻌﻲ ﺑﻬﻤﻦ ﺍﺳﺖ ۷] .ﺍﻣﺘﻴﺎﺯ[
 (۵ﻫﻤﻪ ﺍﻋﺪﺍﺩ ﻃﺒﻴﻌﻲ ﺑﺎ ﺗﺮﺗﻴﺒﻲ ﺧﺎﺹ ﺩﺭ ﻳﮏ ﺳﻄﺮ ﻧﻮﺷﺘﻪ ﻣﻲﺷﻮﻧﺪ )ﻫﺮ ﻋﺪﺩ ﺩﻗﻴﻘﺎ ﻳﮏﺑﺎﺭ ﻇﺎﻫﺮ ﻣﻲﺷﻮﺩ( .ﺁﻳﺎ ﻟﺰﻭﻣﺎ ﺑﺨﺸﻲ ﺍﺯ ﺍﻳﻦ ﺳﻄﺮ
ﻭﺟﻮﺩ ﺩﺍﺭﺩ )ﮐﻪ ﺑﻴﺶ ﺍﺯ ﻳﮏ ﻋﺪﺩ ﺩﺍﺷﺘﻪ ﺑﺎﺷﺪ( ﺑﻪ ﻃﻮﺭﻱ ﮐﻪ ﻣﺠﻤﻮﻉ ﺗﻤﺎﻡ ﺍﻋﺪﺍﺩ ﺍﻳﻦ ﺑﺨﺶ ﻳﮏ ﻋﺪﺩ ﺍﻭﻝ ﺑﺎﺷﺪ؟ )ﻻﺯﻡ ﻧﻴﺴﺖ ﺍﻳﻦ
ﺑﺨﺶ ﺍﺯ ﺍﻭﻟﻴﻦ ﻋﺪﺩ ﺳﻄﺮ ﺷﺮﻭﻉ ﺷﻮﺩ( ] ۸ﺍﻣﺘﻴﺎﺯ[
 (۶ﭼﺸﻤﺎﻥ ﻳﺎﺯﺩﻩ ﺟﺎﺩﻭﮔﺮ ﺑﺴﺘﻪ ﺍﺳﺖ ﻭ ﮐﻼﻫﻲ ﺑﻪ ﺭﻧﮕﻲ ﺍﺯ  ۱۰۰۰ﺭﻧﮓ ﻣﻤﮑﻦ ،ﺑﺮ ﺳﺮ ﻫﺮ ﻳﮏ ﺍﺯ ﺁﻥﻫﺎ ﻗﺮﺍﺭ ﺩﺍﺩﻩ ﻣﻲﺷﻮﺩ .ﺳﭙﺲ
ﭼﺸﻤﺎﻥ ﺁﻥﻫﺎ ﺑﺎﺯ ﻣﻲﺷﻮﺩ ﻭ ﻫﺮ ﻳﮏ ﺍﺯ ﺟﺎﺩﻭﮔﺮﻫﺎ ﻫﻤﻪ ﮐﻼﻩﻫﺎ ﻏﻴﺮ ﺍﺯ ﮐﻼﻩ ﺧﻮﺩﺵ ﺭﺍ ﻣﻲﺑﻴﻨﺪ .ﺳﭙﺲ ﺩﺭ ﻳﮏ ﻟﺤﻈﻪ ،ﻫﺮ ﻳﮏ ﺍﺯ
ﺟﺎﺩﻭﮔﺮﻫﺎ ﻳﮑﻲ ﺍﺯ ﺩﻭ ﮐﺎﺭﺕ ،ﺳﻴﺎﻩ ﻳﺎ ﺳﻔﻴﺪ ،ﺭﺍ ﺑﻪ ﺩﻳﮕﺮ ﺟﺎﺩﻭﮔﺮﺍﻥ ﻧﺸﺎﻥ ﻣﻲﺩﻫﺪ .ﺑﻌﺪ ﺍﺯ ﺁﻥ ،ﺩﺭ ﻧﻬﺎﻳﺖ ،ﻫﻤﻪ ﺑﺎﻳﺴﺘﻲ ﻫﻢﺯﻣﺎﻥ ﺭﻧﮓ
ﮐﻼﻩ ﺧﻮﺩ ﺭﺍ ﺣﺪﺱ ﺑﺰﻧﻨﺪ .ﺁﻳﺎ ﺁﻥﻫﺎ ﻣﻲﺗﻮﺍﻧﻨﺪ ﭼﻨﻴﻦ ﮐﺎﺭﻱ ﺭﺍ ﺍﻧﺠﺎﻡ ﺩﻫﻨﺪ؟ )ﻗﺒﻞ ﺍﺯ ﺍﻳﻦ ﺑﺮﻧﺎﻣﻪ ،ﺟﺎﺩﻭﮔﺮﺍﻥ ﻣﻤﮑﻦ ﺍﺳﺖ ﻋﻤﻠﮑﺮﺩ
ﺑﻌﺪﻱ ﺧﻮﺩ ﺭﺍ ﺑﺎ ﻫﻢ ﻫﻤﺎﻫﻨﮓ ﮐﻨﻨﺪ .ﺟﺎﺩﻭﮔﺮﺍﻥ ﺍﺯ  ۱۰۰۰ﺭﻧﮓ ﻣﻤﮑﻦ ﺑﺮﺍﻱ ﮐﻼﻩﻫﺎ ﺍﻃﻼﻉ ﺩﺍﺭﻧﺪ ۸] (.ﺍﻣﺘﻴﺎﺯ[
 (۷ﺩﻭ ﺩﺍﻳﺮﻩ ﻭ ﺳﻪ ﺧﻂ ﺑﻪ ﮔﻮﻧﻪﺍﻱ ﺩﺍﺩﻩ ﺷﺪﻩﺍﻧﺪ ﮐﻪ ﻫﺮ ﺧﻂ ﻭﺗﺮﻫﺎﻳﻲ ﺑﺎ ﻃﻮﻝ ﺑﺮﺍﺑﺮ ﺍﺯ ﺍﻳﻦ ﺩﺍﻳﺮﻩﻫﺎ ﺟﺪﺍ ﻣﻲﮐﻨﺪ .ﻧﻘﺎﻁ ﺑﺮﺧﻮﺭﺩ ﺍﻳﻦ ﺧﻄﻮﻁ
ﺗﺸﮑﻴﻞ ﻳﮏ ﻣﺜﻠﺚ ﻣﻲﺩﻫﻨﺪ .ﺛﺎﺑﺖ ﮐﻨﻴﺪ ﮐﻪ ﺩﺍﻳﺮﻩ ﻣﺤﻴﻄﻲ ﺁﻥ ﺍﺯ ﻭﺳﻂ ﭘﺎﺭﻩﺧﻄﻲ ﮐﻪ ﻣﺮﮐﺰﻫﺎﻱ ﺩﻭ ﺩﺍﻳﺮﻩ ﺩﺍﺩﻩ ﺷﺪﻩ ﺭﺍ ﺑﻪ ﻫﻢ ﻣﺘﺼﻞ
ﻣﻲﮐﻨﺪ ،ﻣﻲﮔﺬﺭﺩ ۸] .ﺍﻣﺘﻴﺎﺯ[
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(The result is computed from the three problems with the highest scores; the scores for the individual
parts of a single problem are summed.)

Points Problems
A paper triangle with some angle equal to  is cut into several triangles. Is it
possible that all angles of all the triangles obtained are smaller than  if
a)   70°
b)   80°?

1.
3
3

2.

A pointlike grasshopper is sitting at point P of the real axis. Points 0 and 1 are traps.
At each move, we choose a positive number, and then the grasshopper jumps to
the left or to the right (at its choice) over the distance equal to this number. At any
moment we see where the grasshopper is. For which points P we can choose
numbers so that the grasshopper will fall into a trap independently of chosen
directions for its jumps?

3.

A polynomial of degree  1 has  distinct roots , , … ,
roots  ,  , … ,  . Prove the inequality
        

1

4.

Each of boys Pete and Basil drew a convex quadrilateral having no parallel sides.
Then each of boys drew a diagonal in his quadrangle and calculated the angles
between this diagonal and the sides of the quadrangle. Pete obtained numbers
, ,  and  (in some order), and Basil obtained the same numbers (possibly in
different order). Prove that the angles between diagonals of Pete's quadrilateral are
the same as the angles between the diagonals of Basil's quadrilateral.

5.

All positive integers are written down in a row in some order (each number occurs
exactly once). Does there necessarily exist some segment of this row (containing
more than one number) such that the sum of all the numbers in this segment is a
prime number? (The segment should not necessarily begin from the first number in
the row.)

6.

Eleven wizards are blindfolded, and caps of some of 1000 colors are put on their
heads. Then their eyes are unbind, and each of the wizards sees all caps except his
own one. Then at the same moment each of the wizards shows one of two cards,
white or black, to all others. Finally, after that all of them must simultaneously
guess the colors of their caps. Can they arrange this? (Before the procedure the
wizards may coordinate their further behavior; the wizards know possible 1000
colors of caps.)

7.

Given two circles and three lines such that each line cuts chords of equal length in
these circles. The points of intersection of these lines form a triangle. Prove that its
circumcircle passes through the midpoint of the segment connecting the centres of
the given circles.

6

6

7

8

8

8

.

Its derivative has

