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ﻣﺴﺎﺑﻘﻪ ﺗﻴﻤﻲ )ﺳﻄﺢ ﭘﻴﺸﺮﻓﺘﻪ (۱
ﺍﺳﻔﻨﺪ ۱۳۸۶

)ﻟﻄﻔﺎ ﭘﻴﺶ ﺍﺯ ﺷﺮﻭﻉ ،ﺻﻔﺤﻪ ﺍﻭﻝ ﭘﺎﺳﺦﻧﺎﻣﻪ ﺭﺍ ﺑﺎ ﺩﻗﺖ ﻣﻄﺎﻟﻌﻪ ﮐﻨﻴﺪ(
 (۱ﻋﺪﺩ  Nﺣﺎﺻﻞﺿﺮﺏ ﺩﻭ ﻋﺪﺩ ﻃﺒﻴﻌﻲ ﻣﺘﻮﺍﻟﻲ ﺍﺳﺖ .ﺛﺎﺑﺖ ﮐﻨﻴﺪ:
ﺍﻟﻒ( ﻣﻲﺗﻮﺍﻥ ﺩﻭ ﺭﻗﻢ ﺩﺭ ﺳﻤﺖ ﺭﺍﺳﺖ ﺍﻳﻦ ﻋﺪﺩ ﻧﻮﺷﺖ ﺑﻪ ﻃﻮﺭﻱ ﮐﻪ ﺣﺎﺻﻞ ،ﻳﮏ ﻣﺮﺑﻊ ﮐﺎﻣﻞ ﺑﺎﺷﺪ ۲] .ﺍﻣﺘﻴﺎﺯ[
ﺏ( ﺍﮔﺮ  N > 12ﺑﺎﺷﺪ ،ﺁﻥﮔﺎﻩ ﺍﻳﻦ ﮐﺎﺭ ﺑﻪ ﺻﻮﺭﺕ ﻳﮑﺘﺎ ﻗﺎﺑﻞ ﺍﻧﺠﺎﻡ ﺍﺳﺖ ۲] .ﺍﻣﺘﻴﺎﺯ[
 (۲ﻧﻘﺎﻁ  Kﻭ  Mﺑﻪ ﺗﺮﺗﻴﺐ ﺑﺮ ﺍﺿﻼﻉ  ABﻭ  BCﺍﺯ ﻣﺜﻠﺚ  ABCﺑﻪ ﮔﻮﻧﻪﺍﻱ ﺍﻧﺘﺨﺎﺏ ﺷﺪﻩﺍﻧﺪ ﮐﻪ  .KM||ACﭘﺎﺭﻩﺧﻂﻫﺎﻱ  AMﻭ
 KCﺩﺭ ﻧﻘﻄﻪ  Oﺑﺮﺧﻮﺭﺩ ﻣﻲﮐﻨﻨﺪ .ﺍﮔﺮ ﺑﺪﺍﻧﻴﻢ  AK=AOﻭ  ،KM=MCﺛﺎﺑﺖ ﮐﻨﻴﺪ  ۵] .AM=KBﺍﻣﺘﻴﺎﺯ[
 (۳ﻧﻮﺍﺭﻱ )ﺟﺪﻭﻟﻲ ﺑﺎ ﻋﺮﺽ ﻳﮏ ﺧﺎﻧﻪ( ﻭ ﺑﻪ ﻃﻮﻝ ﺑﻲﻧﻬﺎﻳﺖ ﺍﺯ ﺩﻭ ﻃﺮﻑ ،ﺩﺍﺩﻩ ﺷﺪﻩ ﺍﺳﺖ .ﺩﻭ ﺧﺎﻧﻪ ﺍﺯ ﺍﻳﻦ ﻧﻮﺍﺭ ﺗﻠﻪ ﺑﻮﺩﻩ ﻭ  Nﺧﺎﻧﻪ ﺑﻴﻦ
ﺁﻥﻫﺎ ﻗﺮﺍﺭ ﺩﺍﺭﺩ .ﺩﺭ ﺍﺑﺘﺪﺍ ﻳﮏ ﻣﻠﺦ ﺩﺭ ﻳﮑﻲ ﺍﺯ ﺍﻳﻦ  Nﺧﺎﻧﻪ ﻧﺸﺴﺘﻪ ﺍﺳﺖ .ﺩﺭ ﻫﺮ ﺣﺮﮐﺖ ،ﻣﺎ ﻳﮏ ﻋﺪﺩ ﺻﺤﻴﺢ ﻧﺎﻣﻨﻔﻲ ﺍﻧﺘﺨﺎﺏ
ﻣﻲﮐﻨﻴﻢ ،ﺳﭙﺲ ﻣﻠﺦ )ﺑﺴﺘﻪ ﺑﻪ ﺍﻧﺘﺨﺎﺏ ﺧﻮﺩﺵ( ﺑﻪ ﺳﻤﺖ ﭼﭗ ﻳﺎ ﺭﺍﺳﺖ ﺍﺯ ﺭﻭﻱ ﺗﻌﺪﺍﺩﻱ ﺧﺎﻧﻪ ،ﮐﻪ ﺑﻪ ﺍﻧﺪﺍﺯﻩ ﻋﺪﺩ ﺍﻧﺘﺨﺎﺏ ﺷﺪﻩ ﺍﺳﺖ،
ﻣﻲﭘﺮﺩ .ﺩﺭ ﻫﺮ ﻟﺤﻈﻪ ،ﻣﻲﺑﻴﻨﻴﻢ ﻣﻠﺦ ﺩﺭ ﮐﺠﺎ ﻗﺮﺍﺭ ﺩﺍﺭﺩ .ﺑﺮﺍﻱ ﭼﻪ ﻣﻘﺎﺩﻳﺮ  ،Nﻣﻲﺗﻮﺍﻧﻴﻢ ﺍﻋﺪﺍﺩ ﺻﺤﻴﺢ ﺭﺍ ﺑﻪ ﮔﻮﻧﻪﺍﻱ ﺍﻧﺘﺨﺎﺏ ﮐﻨﻴﻢ ﮐﻪ
ﻣﻠﺦ ،ﻣﺴﺘﻘﻞ ﺍﺯ ﻣﺤﻞ ﺍﻭﻟﻴﻪﺍﺵ ﻭ ﺟﻬﺖﻫﺎﻳﻲ ﮐﻪ ﺑﺮﺍﻱ ﭘﺮﺵ ﺍﻧﺘﺨﺎﺏ ﻣﻲﮐﻨﺪ ،ﺩﺭ ﺗﻠﻪ ﺑﻴﻔﺘﺪ؟ ] ۶ﺍﻣﺘﻴﺎﺯ[
 (۴ﺑﺎ ﺍﺳﺘﻔﺎﺩﻩ ﺍﺯ ﭼﻬﺎﺭ ﺭﻧﮓ ،ﺗﻌﺪﺍﺩﻱ )ﻣﺘﻨﺎﻫﻲ( ﻧﻘﻄﻪ ﺩﺭ ﺻﻔﺤﻪ ﺭﻧﮓﺁﻣﻴﺰﻱ ﺷﺪﻩﺍﻧﺪ) .ﺗﻤﺎﻡ ﺭﻧﮓﻫﺎ ﺍﺳﺘﻔﺎﺩﻩ ﺷﺪﻩﺍﻧﺪ( .ﻫﻴﭻ ﺳﻪ ﻧﻘﻄﻪﺍﻱ ﺍﺯ
ﺍﻳﻦ ﻧﻘﺎﻁ ﺭﻭﻱ ﻳﮏ ﺧﻂ ﺭﺍﺳﺖ ﻗﺮﺍﺭ ﻧﺪﺍﺭﻧﺪ .ﺛﺎﺑﺖ ﮐﻨﻴﺪ ﺳﻪ ﻣﺜﻠﺚ ﻣﺘﻤﺎﻳﺰ )ﮐﻪ ﻣﻤﮑﻦ ﺍﺳﺖ ﻣﺘﻘﺎﻃﻊ ﺑﺎﺷﻨﺪ( ﺑﺎ ﺭﺋﻮﺱ ﺭﻧﮕﻲ ﻭﺟﻮﺩ
ﺩﺍﺭﻧﺪ ﺑﻪ ﮔﻮﻧﻪﺍﻱ ﮐﻪ ﺭﺋﻮﺱ ﻫﺮ ﻳﮏ ﺑﻪ ﺳﻪ ﺭﻧﮓ ﻣﺘﻤﺎﻳﺰ ﺭﻧﮓﺁﻣﻴﺰﻱ ﺷﺪﻩ ﺍﺳﺖ ﻭ ﺩﺭ ﺩﺍﺧﻞ ﻫﺮ ﻳﮏ ﺍﺯ ﻣﺜﻠﺚﻫﺎ ﻫﻴﭻ ﻧﻘﻄﻪ ﺭﻧﮕﻲ
ﻧﻴﺴﺖ ۶] .ﺍﻣﺘﻴﺎﺯ[
 ۹۹ (۵ﮐﻮﺩﮎ ﺩﻭﺭ ﻳﮏ ﺩﺍﻳﺮﻩ ﺍﻳﺴﺘﺎﺩﻩﺍﻧﺪ .ﺩﺭ ﺍﺑﺘﺪﺍ ﻫﺮ ﻳﮏ ﺍﺯ ﺁﻥﻫﺎ ﻳﮏ ﺗﻮﭖ ﺩﺍﺭﺩ .ﺩﺭ ﻫﺮ ﺩﻗﻴﻘﻪ ،ﻫﺮ ﮐﻮﺩﮐﻲ ﮐﻪ ﺗﻮﭘﻲ ﺩﺍﺭﺩ ﺁﻥ ﺭﺍ
ﺑﺮﺍﻱ ﻳﮑﻲ ﺍﺯ ﺍﻓﺮﺍﺩ ﻣﺠﺎﻭﺭﺵ ﭘﺮﺗﺎﺏ ﻣﻲﮐﻨﺪ .ﺍﮔﺮ ﮐﻮﺩﮐﻲ ﻫﻢﺯﻣﺎﻥ ﺩﻭ ﺗﻮﭖ ﺍﺯ ﺍﻓﺮﺍﺩ ﻣﺠﺎﻭﺭﺵ ﺩﺭﻳﺎﻓﺖ ﮐﻨﺪ ،ﻳﮑﻲ ﺍﺯ ﺁﻥ ﺗﻮﭖﻫﺎ
ﺑﺮﺍﻱ ﻫﻤﻴﺸﻪ ﺍﺯ ﺑﻴﻦ ﻣﻲﺭﻭﺩ .ﺣﺪﺍﻗﻞ ﺯﻣﺎﻥ ﻣﻤﮑﻦ ﮐﻪ ﺑﻌﺪ ﺍﺯ ﺁﻥ ﺗﻨﻬﺎ ﻳﮏ ﺗﻮﭖ ﺑﺘﻮﺍﻧﺪ ﺑﺎﻗﻲ ﺑﻤﺎﻧﺪ ﭼﻘﺪﺭ ﺍﺳﺖ؟ ] ۷ﺍﻣﺘﻴﺎﺯ[
 (۶ﺁﻳﺎ ﺍﻋﺪﺍﺩ ﻃﺒﻴﻌﻲ  c ،b ،aﻭ  dﻭﺟﻮﺩ ﺩﺍﺭﻧﺪ ﺑﻪ ﻃﻮﺭﻱ ﮐﻪ:
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] ۷ﺍﻣﺘﻴﺎﺯ[

 (۷ﺩﺭ ﭼﻬﺎﺭﺿﻠﻌﻲ ﻣﺤﺪﺏ  ABCDﻫﻴﭻ ﺩﻭ ﺿﻠﻌﻲ ﻣﻮﺍﺯﻱ ﻧﻴﺴﺘﻨﺪ .ﺯﺍﻭﻳﻪ ﺑﻴﻦ ﻗﻄﺮ  ACﻭ ﺍﺿﻼﻉ ﭼﻬﺎﺭﺿﻠﻌﻲ )ﺑﺎ ﻳﮏ ﺗﺮﺗﻴﺒﻲ( ﺑﺮﺍﺑﺮ
 ،۵۵° ،۱۹° ،۱۶°ﻭ ۵۵°ﺍﺳﺖ .ﺗﻤﺎﻡ ﻣﻘﺎﺩﻳﺮ ﻣﻤﮑﻦ ﺭﺍ ﺑﺮﺍﻱ ﺯﺍﻭﻳﻪ ﺣﺎﺩﻩ ﺑﻴﻦ ﺍﻗﻄﺎﺭ  ACﻭ  BDﺑﻴﺎﺑﻴﺪ ۸] .ﺍﻣﺘﻴﺎﺯ[
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(۱ ﻣﺴﺎﺑﻘﻪ ﺗﻴﻤﻲ )ﺳﻄﺢ ﭘﻴﺸﺮﻓﺘﻪ
۱۳۸۶ ﺍﺳﻔﻨﺪ

(The result is computed from the three problems with the highest scores; the scores for the individual
parts of a single problem are summed.)

Points Problems

2
2

1. An integer N is a product of two consecutive positive integers. Prove that
a) one can write two decimal digits from the right of this integer so that the result is a
perfect square;
b) if N>12 then this can be fulfilled in the unique way.
2. Points K and M are chosen on sides AB and BC of triangle ABC respectively such
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that KM||AC. Segments AM and KC meet at point O. It is known that AK=AO
and KM=MC. Prove that AM=KB.
3. Given a cell strip (1 cell wide), infinite in both directions. Two cells of the strip are
traps, and there are N cells between them. Initially, a grasshopper sits in one of
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these N cells. At each move, we choose a nonnegative integer, and then the
grasshopper jumps to the left or to the right (at its choice) over the chosen number
of cells. At any moment, we see where the grasshopper is. For which values N we
can choose integers so that the grasshopper will fall into a trap independently of its
initial position and of chosen directions for its jumps?
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4. Several (a finite number) of points in the plane are painted in four colors (all colors
appear). No three of these points are collinear. Prove that there exist three distinct
(possibly intersecting) triangles with painted vertices such that the vertices of each
of them are painted into three distinct colors, and each triangle contains no colored
points in its interior.
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5. 99 children stand along a circle. Initially, each of them has a ball. Each minute, each
child having a ball throws it to one of his neighbors. If some child simultaneously
gets two balls from his neighbors, then one of these balls vanishes forever. What is
the least possible period after which there can appear only one ball left?
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6. Do there exist positive integers a, b, c, d such that
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7. A convex quadrangle ABCD has no parallel sides. The angles between diagonal AC
and the sides of the quadrangle are equal (in some order) 16°, 19°, 55° and 55°. Find
all possible values of the acute angle between diagonals AC and BD.

