ﻣﺴﺎﺑﻘﻪ ﺗﻴﻤﻲ )ﺳﻄﺢ ﭘﻴﺸﺮﻓﺘﻪ (۲
ﺍﺳﻔﻨﺪ ۱۳۸۷

)ﻟﻄﻔﺎ ﭘﻴﺶ ﺍﺯ ﺷﺮﻭﻉ ،ﺻﻔﺤﻪ ﺍﻭﻝ ﭘﺎﺳﺦﻧﺎﻣﻪ ﺭﺍ ﺑﺎ ﺩﻗﺖ ﻣﻄﺎﻟﻌﻪ ﮐﻨﻴﺪ(

 (۱ﻳﮏ ﻣﺴﺘﻄﻴﻞ ﺑﻪ ﭼﻨﺪﻳﻦ ﻣﺴﺘﻄﻴﻞ ﮐﻮﭼﮏﺗﺮ ﺗﻘﺴﻴﻢ ﻣﻲﺷﻮﺩ .ﺁﻳﺎ ﻣﻤﮑﻦ ﺍﺳﺖ ﮐﻪ ﺑﺮﺍﻱ ﻫﺮ ﺟﻔﺖ ﺍﺯ ﻣﺴﺘﻄﻴﻞﻫﺎﻱ ﺑﻪ ﺩﺳﺖ ﺁﻣﺪﻩ،
ﭘﺎﺭﻩﺧﻂ ﻣﺘﺼﻞﮐﻨﻨﺪﻩ ﻣﺮﺍﮐﺰ ﺁﻥﻫﺎ ،ﻣﺴﺘﻄﻴﻞ ﺩﻳﮕﺮﻱ ﺭﺍ ﻗﻄﻊ ﮐﻨﺪ؟ ] ۴ﺍﻣﺘﻴﺎﺯ[
 (۲ﺩﻧﺒﺎﻟﻪﺍﻱ ﻧﺎﻣﺘﻨﺎﻫﻲ ﺍﺯ ﺍﻋﺪﺍﺩ ﻃﺒﻴﻌﻲ ﻣﺘﻤﺎﻳﺰ ﺩﺍﺩﻩ ﺷﺪﻩ ﺍﺳﺖ .ﻫﺮ ﻋﻀﻮ ﺁﻥ )ﺑﻪ ﺟﺰ ﻋﻀﻮ ﺍﻭﻝ( ﻣﻴﺎﻧﮕﻴﻦ ﺣﺴﺎﺑﻲ ﻳﺎ ﻣﻴﺎﻧﮕﻴﻦ ﻫﻨﺪﺳﻲ
ﺩﻭ ﻋﻀﻮ ﻣﺠﺎﻭﺭ ﺁﻥ ﺍﺳﺖ .ﺁﻳﺎ ﺩﺭ ﺍﻳﻦ ﺩﻧﺒﺎﻟﻪ ﻻﺯﻡ ﺍﺳﺖ ﮐﻪ ﺍﺯ ﺟﺎﻱ ﻣﺸﺨﺼﻲ ﺑﻪ ﺑﻌﺪ ،ﻫﻤﻪ ﺍﻋﻀﺎ ،ﻓﻘﻂ ﻣﻴﺎﻧﮕﻴﻦ ﺣﺴﺎﺑﻲ ﻳﺎ
ﻣﻴﺎﻧﮕﻴﻦ ﻫﻨﺪﺳﻲ ﺍﻋﻀﺎﻱ ﻣﺠﺎﻭﺭ ﺑﺎﺷﻨﺪ؟ ] ۴ﺍﻣﺘﻴﺎﺯ[
 (۳ﻋﻼﻣﺘﻲ ﺩﺭ ﻫﺮ ﺧﺎﻧﻪ ﺟﺪﻭﻟﻲ  ۱۰×۱۰ﻗﺮﺍﺭ ﺩﺍﺭﺩ .ﻣﺎ ﻣﻲﺗﻮﺍﻧﻴﻢ ﻳﮏ ﻗﻄﺮ ﺷﺎﻣﻞ ﺗﻌﺪﺍﺩﻱ ﺯﻭﺝ ﻋﻼﻣﺖ ﺭﺍ ﺍﻧﺘﺨﺎﺏ ﮐﺮﺩﻩ ﻭ ﻳﮑﻲ ﺍﺯ
ﻋﻼﻣﺖﻫﺎ ﺭﺍ ﭘﺎﮎ ﮐﻨﻴﻢ .ﺣﺪﺍﮐﺜﺮ ﺗﻌﺪﺍﺩ ﻋﻼﻣﺖﻫﺎﻳﻲ ﮐﻪ ﺑﺎ ﺗﮑﺮﺍﺭ ﺍﻳﻦ ﺭﻭﺵ ﻣﻲﺗﻮﺍﻥ ﭘﺎﮎ ﮐﺮﺩ ﭼﻨﺪﺗﺎ ﺍﺳﺖ؟ ] ۶ﺍﻣﺘﻴﺎﺯ[
 (۴ﻣﺘﻮﺍﺯﻱﺍﻟﻮﺟﻮﻫﻲ ﺑﻪ ﻭﺳﻴﻠﻪ ﺳﻪ ﺻﻔﺤﻪ ﺑﻪ ﻫﺸﺖ ﺷﺶﻭﺟﻬﻲ ﺗﻘﺴﻴﻢ ﻣﻲﺷﻮﺩ ﮐﻪ ﻫﻤﻪ ﻭﺟﻪﻫﺎﻱ ﺁﻥﻫﺎ ﭼﻬﺎﺭﺿﻠﻌﻲ ﺍﺳﺖ )ﻫﺮ
ﺻﻔﺤﻪ ﺩﻭ ﺟﻔﺖ ﻣﺘﻨﺎﻇﺮ ﺍﺯ ﻭﺟﻪﻫﺎﻱ ﻣﻘﺎﺑﻞ ﺭﺍ ﻗﻄﻊ ﻣﻲﮐﻨﺪ ﻭ ﺩﻭ ﻭﺟﻪ ﺩﻳﮕﺮ ﺭﺍ ﻗﻄﻊ ﻧﻤﻲﮐﻨﺪ( .ﻳﮑﻲ ﺍﺯ ﺷﺶﻭﺟﻬﻲﻫﺎ ﺩﺍﺭﺍﻱ ﮐﺮﻩ
ﻣﺤﺎﻃﻲ ﺍﺳﺖ .ﺛﺎﺑﺖ ﮐﻨﻴﺪ ﻫﺮ ﻳﮏ ﺍﺯ ﺍﻳﻦ ﺷﺶﻭﺟﻬﻲﻫﺎ ﺩﺍﺭﺍﻱ ﻳﮏ ﮐﺮﻩ ﻣﺤﺎﻃﻲ ﺍﺳﺖ ۶] .ﺍﻣﺘﻴﺎﺯ[

 (۵ﻓﺮﺽ ﮐﻨﻴﺪ   ﺗﻌﺪﺍﺩ ﺭﺍﻩﻫﺎﻱ ﺍﻧﺘﺨﺎﺏ )ﺑﺪﻭﻥ ﺩﺭﻧﻈﺮ ﮔﺮﻓﺘﻦ ﺗﺮﺗﻴﺐ(  ﺷﺊ ﺍﺯ ﻣﺠﻤﻮﻋﻪﺍﻱ ﺍﺯ  ﺷﺊ ﺑﺎﺷﺪ .ﺛﺎﺑﺖ ﮐﻨﻴﺪ ﺍﮔﺮ



ﺍﻋﺪﺍﺩ ﻃﺒﻴﻌﻲ  ﻭ  ﺍﺯ  ﮐﻮﭼﮏﺗﺮ ﺑﺎﺷﻨﺪ ،ﺑﺰﺭﮒﺗﺮﻳﻦ ﻣﻘﺴﻮﻡﻋﻠﻴﻪ ﻣﺸﺘﺮﮎ ﺍﻋﺪﺍﺩ ﻃﺒﻴﻌﻲ   ﻭ   ﺑﺰﺭﮒﺗﺮ ﺍﺯ  ۱ﺍﺳﺖ.


] ۸ﺍﻣﺘﻴﺎﺯ[
 (۶ﻋﺪﺩ ﺻﺤﻴﺢ    ۱ﺩﺍﺩﻩ ﺷﺪﻩ ﺍﺳﺖ .ﺩﻭ ﺑﺎﺯﻱﮐﻦ ﺑﻪ ﻧﻮﺑﺖ ﻧﻘﺎﻃﻲ ﺭﺍ ﺭﻭﻱ ﺩﺍﻳﺮﻩ ﻣﺸﺨﺺ ﻣﻲﮐﻨﻨﺪ :ﻳﮑﻲ ﺍﺯ ﺭﻧﮓ ﻗﺮﻣﺰ ﺍﺳﺘﻔﺎﺩﻩ
ﻣﻲﮐﻨﺪ ﻭ ﺩﻳﮕﺮﻱ ﺍﺯ ﺭﻧﮓ ﺁﺑﻲ .ﻭﻗﺘﻲ  ﻧﻘﻄﻪ ﺍﺯ ﻫﺮ ﺭﻧﮓ ﻣﺸﺨﺺ ﺷﺪ ،ﺑﺎﺯﻱ ﺗﻤﺎﻡ ﻣﻲﺷﻮﺩ .ﺳﭙﺲ ﻫﺮ ﺑﺎﺯﻱﮐﻦ ﮐﻤﺎﻥ ﺑﺎ ﻃﻮﻝ
ﺣﺪﺍﮐﺜﺮ ﻭ ﺑﺎ ﻧﻘﺎﻁ ﺍﻧﺘﻬﺎﻳﻲ ﺍﺯ ﺭﻧﮓ ﺧﻮﺩ ﮐﻪ ﻓﺎﻗﺪ ﻫﺮ ﻧﻘﻄﻪ ﻣﺸﺨﺺﺷﺪﻩ ﺩﻳﮕﺮ ﺍﺳﺖ ،ﻣﻲﻳﺎﺑﺪ .ﺑﺎﺯﻳﮑﻨﻲ ﮐﻪ ﻃﻮﻝ ﮐﻤﺎﻧﺶ ﺑﻠﻨﺪﺗﺮ
ﺑﺎﺷﺪ ﺑﺮﻧﺪﻩ ﺍﺳﺖ )ﺍﮔﺮ ﻃﻮﻝﻫﺎ ﺑﺮﺍﺑﺮ ﺑﺎﺷﺪ ،ﻳﺎ ﻫﻴﭻﻳﮏ ﺍﺯ ﺩﻭ ﺑﺎﺯﻱﮐﻦ ﭼﻨﻴﻦ ﮐﻤﺎﻧﻲ ﻧﺪﺍﺷﺘﻪ ﺑﺎﺷﻨﺪ ،ﺑﺎﺯﻱ ﺑﺎ ﺗﺴﺎﻭﻱ ﺧﺎﺗﻤﻪ ﻳﺎﻓﺘﻪ
ﺍﺳﺖ( .ﮐﺪﺍﻡ ﺑﺎﺯﻱﮐﻦ ﺭﻭﺷﻲ ﺩﺍﺭﺩ ﮐﻪ ،ﻋﻠﻲﺭﻏﻢ ﻫﺮ ﺗﻼﺷﻲ ﺍﺯ ﺳﻮﻱ ﺑﺎﺯﻱﮐﻦ ﺩﻳﮕﺮ ،ﺑﺮﻧﺪﻩ ﺷﻮﺩ؟ ] ۹ﺍﻣﺘﻴﺎﺯ[
 (۷ﻳﮏ ﺧﺎﻧﻪ ﺣﺎﻓﻈﻪ ﺭﺍﻳﺎﻧﻪ ﻣﺤﺘﻮﻱ ﻋﺪﺩ ﺻﺤﻴﺢ  ۶ﺍﺳﺖ .ﺭﺍﻳﺎﻧﻪ ﻳﮏﻣﻴﻠﻴﻮﻥ ﮔﺎﻡ ﺭﺍ ﺍﻧﺠﺎﻡ ﻣﻲﺩﻫﺪ :ﺭﺍﻳﺎﻧﻪ ﺩﺭ ﮔﺎﻡ ﺍﻡ ،ﻋﺪﺩ ﺻﺤﻴﺢ
ﻣﻮﺟﻮﺩ ﺩﺭ ﺣﺎﻓﻈﻪ ﺭﺍ ﺑﻪ ﺍﻧﺪﺍﺯﻩ ﺑﺰﺭﮒﺗﺮﻳﻦ ﻣﻘﺴﻮﻡﻋﻠﻴﻪ ﻣﺸﺘﺮﮎ ﺍﻳﻦ ﻋﺪﺩ ﻭ  ﺍﻓﺰﺍﻳﺶ ﻣﻲﺩﻫﺪ .ﺛﺎﺑﺖ ﮐﻨﻴﺪ ﺩﺭ ﻫﺮ ﮔﺎﻡ ،ﺭﺍﻳﺎﻧﻪ
ﻋﺪﺩ ﻣﻮﺟﻮﺩ ﺩﺭ ﺣﺎﻓﻈﻪ ﺭﺍ ﺑﻪ ﺍﻧﺪﺍﺯﻩ  ۱ﻳﺎ ﻋﺪﺩﻱ ﺍﻭﻝ ﺍﻓﺰﺍﻳﺶ ﻣﻲﺩﻫﺪ ۹] .ﺍﻣﺘﻴﺎﺯ[
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ﺧﺎﻧﻪ ﺭﻳﺎﺿﻴﺎﺕ ﺍﺻﻔﻬﺎﻥ
(۲ ﻣﺴﺎﺑﻘﻪ ﺗﻴﻤﻲ )ﺳﻄﺢ ﭘﻴﺸﺮﻓﺘﻪ
۱۳۸۷ ﺍﺳﻔﻨﺪ

(The result is computed from the three problems with the highest scores.)

Points Problems
1.

A rectangle is dissected into several smaller rectangles. Is it possible that for each
pair of obtained rectangles, the line segment connecting their centers intersects
some third rectangle?

2.

An infinite sequence of distinct positive integers is given. Each of its terms (except
the first one) is either the arithmetic mean or the geometric mean of two
neighboring terms. Is it necessary that in this sequence all terms starting from a
certain one are only arithmetic means or only geometric means of the neighboring
terms?

3.

There is a counter in each square of a board 10×10. We may choose a diagonal
containing an even number of counters and remove any counter from it. What is
the maximal number of counters which can be removed from the board by these
operations?

4.

Three planes dissect a parallelepiped into eight hexahedrons such that all of their
facets are quadrilaterals (each plane intersects two corresponding pairs of opposite
facets of the parallelepiped and does not intersect the remaining two facets). One
of the hexahedrons has a circumscribed sphere. Prove that each of these
hexahedrons has a circumscribed sphere.

Let   be the number of ways that  objects can be chosen (regardless of order)

from a set of  objects. Prove that if positive integers  and  are less than , then


integers   and   have a common divisor greater than 1.
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6.

An integer   1 is given. Two players mark points on a circle in turn: one of them
uses red color, and another one uses blue color. When  points of each color have
been marked, the game is over. Then each player finds the arc of maximal length
with ends of his color, which does not contain any other marked points. A player
wins if his arc is longer (if the lengths are equal, or both players have no such arcs,
the game has ended in a draw). Which player has a way to win for any action of his
opponent?

7.

A cell of computer memory contains integer 6. The computer makes million steps:
at step , it increases the integer in the cell by the greatest common divisor of this
integer and integer . Prove that at each step, the computer increases the integer
in the cell either by 1 or by a prime number.
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