ﻣﺴﺎﺑﻘﻪ ﺗﻴﻤﻲ )ﺳﻄﺢ ﭘﻴﺸﺮﻓﺘﻪ (۱
ﺍﺳﻔﻨﺪ ۱۳۸۷
)ﻟﻄﻔﺎ ﭘﻴﺶ ﺍﺯ ﺷﺮﻭﻉ ،ﺻﻔﺤﻪ ﺍﻭﻝ ﭘﺎﺳﺦﻧﺎﻣﻪ ﺭﺍ ﺑﺎ ﺩﻗﺖ ﻣﻄﺎﻟﻌﻪ ﮐﻨﻴﺪ(
 (۱ﺑﻬﺎﺩﺭ ﻭ ﭘﺪﺭﺍﻡ ﻳﮏ ﺑﺎﺯﻱ ﺑﻪ ﺍﻳﻦ ﺻﻮﺭﺕ ﺍﻧﺠﺎﻡ ﻣﻲﺩﻫﻨﺪ :ﺩﺭ ﺍﺑﺘﺪﺍ ،ﺩﻭ ﻋﺪﺩ

۱
۲۰۰۹

ﻭ

۱
۲۰۰۸

ﺭﻭﻱ ﺗﺨﺘﻪ ﻧﻮﺷﺘﻪ ﺷﺪﻩ ﺍﺳﺖ .ﺩﺭ ﻫﺮ ﻧﻮﺑﺖ ،ﺑﻬﺎﺩﺭ

ﻋﺪﺩ ﺩﻝﺧﻮﺍﻩ  ﺭﺍ ﺍﻧﺘﺨﺎﺏ ﻣﻲﮐﻨﺪ ﻭ ﭘﺪﺭﺍﻡ ﻳﮑﻲ ﺍﺯ ﺍﻋﺪﺍﺩ ﺭﻭﻱ ﺗﺨﺘﻪ ﺭﺍ ﺑﺮﮔﺰﻳﺪﻩ ﻭ ﺁﻥ ﺭﺍ ﺑﻪ ﻣﻴﺰﺍﻥ  ﺍﻓﺰﺍﻳﺶ ﻣﻲﺩﻫﺪ .ﺑﻬﺎﺩﺭ ﺑﺮﻧﺪﻩ ﺍﺳﺖ
ﺍﮔﺮ ﻋﺪﺩﻱ ﺭﻭﻱ ﺗﺨﺘﻪ ﺑﺮﺍﺑﺮ  ۱ﺷﻮﺩ .ﺁﻳﺎ ﺑﻬﺎﺩﺭ ﺭﻭﺷﻲ ﺩﺍﺭﺩ ﮐﻪ ،ﻋﻠﻲﺭﻏﻢ ﻫﺮ ﺗﻼﺷﻲ ﺍﺯ ﺳﻮﻱ ﭘﺪﺭﺍﻡ ،ﺑﺮﻧﺪﻩ ﺷﻮﺩ؟ ] ۳ﺍﻣﺘﻴﺎﺯ[
 (۲ﺍﻟﻒ( ﺛﺎﺑﺖ ﮐﻨﻴﺪ ﮐﻪ ﭼﻨﺪﺿﻠﻌﻲ ﻭﺟﻮﺩ ﺩﺍﺭﺩ ﮐﻪ ﺁﻥ ﺭﺍ ﻣﻲﺗﻮﺍﻥ ﺗﻮﺳﻂ ﺧﻄﻲ ﺑﻪ ﮔﻮﻧﻪﺍﻱ ﺑﻪ ﺩﻭ ﻗﺴﻤﺖ ﻣﺴﺎﻭﻱ ﺗﻘﺴﻴﻢ ﮐﺮﺩ ﮐﻪ ﺿﻠﻌﻲ ﺍﺯ
ﭼﻨﺪﺿﻠﻌﻲ ﻧﺼﻒ ﺷﻮﺩ ﻭ ﺿﻠﻊ ﺩﻳﮕﺮ ﺑﻪ ﻧﺴﺒﺖ  ۱ﺑﻪ  ۲ﺗﻘﺴﻴﻢ ﺷﻮﺩ؟ ] ۲ﺍﻣﺘﻴﺎﺯ[
ﺏ( ﺁﻳﺎ ﭼﻨﺪﺿﻠﻌﻲ ﻣﺤﺪﺑﻲ ﺑﺎ ﺍﻳﻦ ﺧﺎﺻﻴﺖ ﻭﺟﻮﺩ ﺩﺍﺭﺩ؟ ] ۳ﺍﻣﺘﻴﺎﺯ[
 (۳ﺩﺭ ﻫﺮ ﻣﺮﺑﻊ ﺍﺯ ﻳﮏ ﺟﺪﻭﻝ  ۱۰۱×۱۰۱ﺧﺎﻧﻪﺍﻱ ،ﺑﻪ ﺟﺰ ﻣﺮﺑﻊ ﻣﺮﮐﺰﻱ ،ﻳﮑﻲ ﺍﺯ ﺩﻭ ﻋﻼﻣﺖ »ﭼﺮﺧﺶ« ﻳﺎ »ﻣﺴﺘﻘﻴﻢ« ﻧﻮﺷﺘﻪ ﺷﺪﻩ ﺍﺳﺖ .ﻣﻬﺮﻩﺍﻱ
ﺑﻪ ﻧﺎﻡ »ﺧﻮﺩﺭﻭ« ﻣﻲﺗﻮﺍﻧﺪ ﺍﺯ ﻫﺮ ﻣﺮﺑﻊ ﻣﺮﺯﻱ ﺍﺯ ﺧﺎﺭﺝ ﺟﺪﻭﻝ ﻭﺍﺭﺩ ﺷﻮﺩ )ﺑﻪ ﺻﻮﺭﺕ ﻋﻤﻮﺩ ﺑﺮ ﻣﺮﺯ( .ﺍﮔﺮ ﺧﻮﺩﺭﻭ ﻭﺍﺭﺩ ﻣﺮﺑﻌﻲ ﺑﺎ ﻋﻼﻣﺖ
»ﻣﺴﺘﻘﻴﻢ« ﺷﻮﺩ ،ﺩﺭ ﻫﻤﺎﻥ ﻣﺴﻴﺮ ﺑﻪ ﻣﺮﺑﻊ ﺑﻌﺪﻱ ﻣﻲﺭﻭﺩ .ﺍﮔﺮ ﺧﻮﺩﺭﻭ ﻭﺍﺭﺩ ﻣﺮﺑﻌﻲ ﺑﺎ ﻋﻼﻣﺖ »ﭼﺮﺧﺶ« ﺷﻮﺩ ،ﺁﻥﮔﺎﻩ ﺧﻮﺩﺭﻭ ﭼﺮﺧﺸﻲ ۹۰
ﺩﺭﺟﻪﺍﻱ ،ﺑﻪ ﻳﮏ ﻃﺮﻑ ﺑﻪ ﺍﻧﺘﺨﺎﺏ ﺧﻮﺩ ،ﺍﻧﺠﺎﻡ ﻣﻲﺩﻫﺪ .ﭘﺎﺭﮐﻴﻨﮕﻲ ﺩﺭ ﻣﺮﺑﻊ ﻣﺮﮐﺰﻱ ﺟﺪﻭﻝ ﻗﺮﺍﺭ ﺩﺍﺭﺩ .ﺁﻳﺎ ﻣﻤﮑﻦ ﺍﺳﺖ ﻋﻼﺋﻢ ﺭﺍ ﺑﻪ ﮔﻮﻧﻪﺍﻱ
ﻗﺮﺍﺭ ﺩﺍﺩ ﮐﻪ ﺧﻮﺩﺭﻭ ﻧﺘﻮﺍﻧﺪ ﺑﻪ ﭘﺎﺭﮐﻴﻨﮓ ﻭﺍﺭﺩ ﺷﻮﺩ؟ ] ۵ﺍﻣﺘﻴﺎﺯ[
 (۴ﺩﻧﺒﺎﻟﻪﺍﻱ ﻧﺎﻣﺘﻨﺎﻫﻲ ﺍﺯ ﺍﻋﺪﺍﺩ ﻃﺒﻴﻌﻲ ﻣﺘﻤﺎﻳﺰ ﺩﺍﺩﻩ ﺷﺪﻩ ﺍﺳﺖ .ﻫﺮ ﻋﻀﻮ ﺁﻥ )ﺑﻪ ﺟﺰ ﻋﻀﻮ ﺍﻭﻝ( ﻣﻴﺎﻧﮕﻴﻦ ﺣﺴﺎﺑﻲ ﻳﺎ ﻣﻴﺎﻧﮕﻴﻦ ﻫﻨﺪﺳﻲ ﺩﻭ ﻋﻀﻮ
ﻣﺠﺎﻭﺭ ﺁﻥ ﺍﺳﺖ .ﺁﻳﺎ ﺩﺭ ﺍﻳﻦ ﺩﻧﺒﺎﻟﻪ ﻻﺯﻡ ﺍﺳﺖ ﮐﻪ ﺍﺯ ﺟﺎﻱ ﻣﺸﺨﺼﻲ ﺑﻪ ﺑﻌﺪ ،ﻫﻤﻪ ﺍﻋﻀﺎ ،ﻓﻘﻂ ﻣﻴﺎﻧﮕﻴﻦ ﺣﺴﺎﺑﻲ ﻳﺎ ﻣﻴﺎﻧﮕﻴﻦ ﻫﻨﺪﺳﻲ ﺍﻋﻀﺎﻱ
ﻣﺠﺎﻭﺭ ﺑﺎﺷﻨﺪ؟ ] ۵ﺍﻣﺘﻴﺎﺯ[
 (۵ﻗﻠﻌﻪﺍﻱ ﺑﺎ ﺩﻳﻮﺍﺭ ﺩﺍﻳﺮﻩﺍﻱﺷﮑﻞ ﺍﺣﺎﻃﻪ ﺷﺪﻩ ﺍﺳﺖ ﮐﻪ  ۹ﺑﺮﺝ ﻣﺮﺍﻗﺒﺖ ﺩﺍﺭﺩ ﻭ ﺷﻮﺍﻟﻴﻪﻫﺎ ﺑﻪ ﺩﻳﺪﻩﺑﺎﻧﻲ ﺩﺭ ﺍﻳﻦ ﺑﺮﺝﻫﺎ ﻣﻲﺍﻳﺴﺘﻨﺪ .ﺑﻌﺪ ﺍﺯ ﻫﺮ ﺳﺎﻋﺖ،
ﻫﺮ ﺷﻮﺍﻟﻴﻪ ﺑﻪ ﺑﺮﺝ ﻣﺮﺍﻗﺒﺖ ﻣﺠﺎﻭﺭ ﻣﻲﺭﻭﺩ؛ ﺑﻪ ﻃﻮﺭﻱ ﮐﻪ ﻫﺮ ﮐﺪﺍﻡ ﺍﺯ ﺷﻮﺍﻟﻴﻪﻫﺎ ﻫﻤﻮﺍﺭﻩ ﻳﺎ ﺩﺭ ﺟﻬﺖ ﻋﻘﺮﺑﻪﻫﺎﻱ ﺳﺎﻋﺖ ﻳﺎ ﺧﻼﻑ ﺁﻥ ﺣﺮﮐﺖ
ﻣﻲﮐﻨﺪ .ﺩﺭ ﻃﻮﻝ ﻳﮏ ﺷﺐ ،ﻫﺮ ﺷﻮﺍﻟﻴﻪ ﺑﻪ ﺩﻳﺪﻩﺑﺎﻧﻲ ﻫﻤﻪ ﺑﺮﺝﻫﺎﻱ ﻣﺮﺍﻗﺒﺖ ﻣﻲﺍﻳﺴﺘﺪ .ﺩﺭ ﺳﺎﻋﺘﻲ ،ﺗﻌﺪﺍﺩ ﺷﻮﺍﻟﻴﻪﻫﺎ ﺩﺭ ﻫﺮ ﺑﺮﺝ ﻣﺮﺍﻗﺒﺖ ﮐﻢﺗﺮ ﺍﺯ
ﺩﻭ ﻧﻴﺴﺖ ،ﻭ ﺩﺭ ﺳﺎﻋﺘﻲ ﺩﻳﮕﺮ ،ﺩﻗﻴﻘﺎ  ۵ﺑﺮﺝ ﻣﺮﺍﻗﺒﺖ ﺑﻮﺩﻩﺍﻧﺪ ﮐﻪ ﻓﻘﻂ ﻳﮏ ﺷﻮﺍﻟﻴﻪ ﺩﺭ ﺁﻥﻫﺎ ﺑﻮﺩﻩ ﺍﺳﺖ .ﺛﺎﺑﺖ ﮐﻨﻴﺪ ﮐﻪ ﺩﺭ ﺳﺎﻋﺘﻲ ﺑﺮﺟﻲ ﺑﺪﻭﻥ
ﺷﻮﺍﻟﻴﻪ ﺑﻮﺩﻩ ﺍﺳﺖ ۶] .ﺍﻣﺘﻴﺎﺯ[
 (۶ﺯﺍﻭﻳﻪ  ﺩﺭ ﻣﺜﻠﺚ ﻣﺘﺴﺎﻭﻱﺍﻟﺴﺎﻗﻴﻦ  ﺑﺮﺍﺑﺮ  ۱۲۰°ﺍﺳﺖ .ﺩﻭ ﭘﺮﺗﻮ ﺍﺯ ﺭﺃﺱ  ﻭﺍﺭﺩ ﻣﺜﻠﺚ ﻣﻲﺷﻮﻧﺪ .ﺯﺍﻭﻳﻪ ﺑﻴﻦ ﺁﻥﻫﺎ  ۶۰°ﺍﺳﺖ .ﭘﺮﺗﻮﻫﺎ ﺍﺯ
ﻗﺎﻋﺪﻩ  ﻣﻨﻌﮑﺲ ﺷﺪﻩ )ﺑﺎ ﺗﻮﺟﻪ ﺑﻪ ﻗﺎﻧﻮﻥ »ﺯﺍﻭﻳﻪ ﺗﺎﺑﺶ ﺑﺮﺍﺑﺮ ﺍﺳﺖ ﺑﺎ ﺯﺍﻭﻳﻪ ﺑﺎﺯﺗﺎﺑﺶ«( ﻭ ﺑﻪ ﺳﺎﻕﻫﺎﻱ ﻣﺜﻠﺚ ﻣﻲﺭﺳﻨﺪ ﺑﻪ ﻃﻮﺭﻱ ﮐﻪ ﻣﺜﻠﺚ
ﺍﺻﻠﻲ ﺑﻪ ﭘﻨﺞ ﻣﺜﻠﺚ ﺗﻘﺴﻴﻢ ﻣﻲﺷﻮﺩ .ﺳﻪ ﻣﺜﻠﺜﻲ ﺭﺍ ﮐﻪ ﻳﮏ ﺿﻠﻊ ﺁﻥ ﺭﻭﻱ ﺿﻠﻊ  ﺍﺳﺖ ﺩﺭ ﻧﻈﺮ ﺑﮕﻴﺮﻳﺪ .ﺛﺎﺑﺖ ﮐﻨﻴﺪ ﻣﺴﺎﺣﺖ ﻣﺜﻠﺚ ﻣﻴﺎﻧﻲ
ﺑﺮﺍﺑﺮ ﻣﺠﻤﻮﻉ ﻣﺴﺎﺣﺖ ﺩﻭ ﻣﺜﻠﺚ ﮐﻨﺎﺭﻱ ﺍﺳﺖ ۷] .ﺍﻣﺘﻴﺎﺯ[

 (۷ﻓﺮﺽ ﮐﻨﻴﺪ   ﺗﻌﺪﺍﺩ ﺭﺍﻩﻫﺎﻱ ﺍﻧﺘﺨﺎﺏ  ﺷﺊ )ﺑﺪﻭﻥ ﺩﺭﻧﻈﺮ ﮔﺮﻓﺘﻦ ﺗﺮﺗﻴﺐ( ﺍﺯ ﻣﺠﻤﻮﻋﻪﺍﻱ ﺍﺯ  ﺷﺊ ﺑﺎﺷﺪ .ﺛﺎﺑﺖ ﮐﻨﻴﺪ ﺍﮔﺮ ﺍﻋﺪﺍﺩ ﻃﺒﻴﻌﻲ



 ﻭ ﺍﺯ  ﮐﻮﭼﮏﺗﺮ ﺑﺎﺷﻨﺪ ،ﺑﺰﺭﮒﺗﺮﻳﻦ ﻣﻘﺴﻮﻡﻋﻠﻴﻪ ﻣﺸﺘﺮﮎ ﺍﻋﺪﺍﺩ ﻃﺒﻴﻌﻲ   ﻭ   ﺑﺰﺭﮒﺗﺮ ﺍﺯ  ۱ﺍﺳﺖ ۹] .ﺍﻣﺘﻴﺎﺯ[
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(The result is computed from the three problems with the highest scores; the scores for the individual parts of a
single problem are summed.)

points

3

2
3

problems

1. Basil and Peter play the following game. Initially, there are two numbers on the board:
1/2009 and 1/2008. At each move, Basil chooses an arbitrary number , and Peter
selects one of the numbers on the board and increases it by . Basil wins if some
number on the board becomes equal to 1. Has Basil a way to win for any action of
Peter?
2.
a) Prove that there exists a polygon which can be dissected by a line segment into two
equal parts so that some side of the polygon is divided in half, and another side at a
ratio of 1:2?
b) Does there exist a convex polygon with this property?

5

3. In each square of the board 101×101, except the central one, there is one of two
signs: "turn" or "straight". The chess piece "car" can enter any square on the
boundary of the board from outside (perpendicularly to the boundary). If the car
enters a square with the sign "straight" then the car goes to the next square in the
same direction. If the car enters a square with the sign "turn" then the car makes a
right-angle turn in any direction, by its choice. The central square of the board is
occupied by a house. Is it possible to place the signs so that the car cannot enter the
house?

5

4. We are given an infinite sequence of distinct positive integers. Each of its terms
(except the first one) is either the arithmetic mean or the geometric mean of two
neighboring terms. Is it necessary that in this sequence all terms starting from a
certain one are only arithmetic means or only geometric means of the neighboring
terms?

6

5. A castle is surrounded by a circular wall with 9 towers, and knights stand guard on
these towers. After an hour, each of them goes to a neighboring tower so that each
knight either moves always clockwise or counterclockwise. During a night, each knight
stands guard on each tower. During some hour there were not less than two knights
on each tower, and during another hour there were just 5 towers such that there was
just a single knight on each of them. Prove that during some hour there were no
knights on some tower.

7

9

6. Angle  in an isosceles triangle  equals 120°. Two rays go from vertex  inwards
the triangle. The angle between them equals 60°. The rays reflect from base 
(according to the rule "the angle of incidence equals the angle of reflection") and
reach the lateral sides so that the original triangle is divided into 5 ones. Consider
those 3 triangles which adjoin side . Prove that the area of the middle triangle
equals the sum of areas of the two extreme ones.
7. Let  be the number of ways that  objects can be chosen (regardless of order)

from a set of  objects. Prove that if positive integers  and are less than , then


integers   and   have a common divisor greater than 1.


